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In this paper we consider the nonlinear viscoelastic equation
utt − u +
t∫
0
g(t − τ )u(τ )dτ + ut = |u|p−1u in Ω × (0,∞),
with initial conditions and Dirichlet boundary condition. Under some appropriate assump-
tion on g, by introducing a potential well we establish the global existence result for
the equation above. Furthermore, we investigate explicit exponential energy decay of the
viscoelastic wave equation under the potential well.
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Consider the following wave equation with nonlinear viscoelastic term⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
utt − u +
t∫
0
g(t − τ )u(τ )dτ + ut |ut |m−1 = f (u) in Ω × (0,∞),
u(t, x) = 0, x ∈ ∂Ω, t  0,
u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Ω,
(1.1)
where Ω is a bounded domain of Rn (n 1) with a smooth boundary ∂Ω , m 0 and g is a positive function.
Before going any further, we consider Eq. (1.1) without the viscoelastic term,
∫ t
0 g(t − τ )u(τ )dτ . In this case, Eq. (1.1)
is known as wave equation, which has been extensively studied. For Cauchy problem, Levine [10] ﬁrstly showed that the
solutions with negative initial energy are non-global for some abstract wave equation with linear damping. Later Levine and
Serrin [11] considered a class of the generalized abstract wave equation, and then Pucci and Serrin [16] claimed a threshold
result on the global existence and blow-up for the wave equation under a potential well. Georgiev and Todorova [7] studied
the existence theorem for the wave equation with the nonlinear damping term. In 2001, Levine and Todorova [12] considered
the Cauchy problem of wave equation with arbitrarily positive initial energy, and claimed that there is the choice of initial
datum from the energy space with arbitrarily positive initial energy such that the corresponding solution of wave equations
blows up in a ﬁnite time. Furthermore, Todorova and Vitillaro [18] proved that such a choice of the initial datum is inﬁnite.
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result with arbitrarily positive initial energy. Very recently, by concavity argument the ﬁrst author [20] has also established
the blow-up result with arbitrarily positive initial energy for Klein–Gordon equation. For this case, Todorova [17] has studied
the energy decay of wave equations.
For Eq. (1.1) with g ≡ 0, Cavalcanti et al. [2] ﬁrstly studied the case of m = 1, f (u) = −|u|p−1u, and a localized damping
a(x)ut . They obtained an exponential rate of decay with the assumption on g , that the kernel g is of exponential decay.
And they [3] also studied the case of m  1 and f (u) = −|u|p−1u. This work was later improved by Cavalcanti et al. [5],
and Berrimi and Messaoudi [1]. And then Messaoudi [14] obtained the global existence of solutions for viscoelastic equation
with f (u) = |u|p−1u and p > 1, and the blow-up result with negative initial energy and global existence with the suﬃcient
small initial data. Furthermore, he improved his blow-up result in [15]. More recently, the ﬁrst author [21] has investigated a
suﬃcient condition of the initial data with arbitrarily positive initial energy such that the corresponding solution of Eq. (1.1)
with m = 1 blows up in ﬁnite time. This result improved the blow-up results in [14,15].
For Eq. (1.1), the following problem are still open now:
(i) Whether we can establish a sharp condition of the global existence and blow-up of solutions to the wave equation (1.1)
with f (u) = |u|p−1u.
(ii) Whether energy decay rate can be investigated for the wave equation (1.1) with f (u) = |u|p−1u.
In this paper, we will answer these open problems with m = 1. Thus, throughout the rest of this paper, we always let
m = 1 and f (u) = |u|p−1u with p > 1.
Now we state some assumptions on g .
Assumption 1.1. g ∈ C1([0,∞)) is a non-negative and non-increasing function satisfying
1− κ := 1−
∞∫
0
g(τ )dτ > 0.
In order to express our main result, we use ‖ · ‖p to denote the norm in Lp(Ω). For simplicity, we always use ‖ · ‖ to
denote ‖ · ‖2. And let H0(Ω) be the Sobolev space with the property: If u ∈ H0(Ω), then u(x) = ∇u(x) ≡ 0 for every x ∈ ∂Ω .
in addition, ∗ means the convolution.
We next state the local existence theorem for Eq. (1.1), whose proof follows from the arguments in [2,7].
Theorem 1.1. Suppose that 1 < p < nn−2 when n  3 and 1 < p < ∞ when n = 1,2, and g satisﬁes Assumption 1.1. For (u0,u1) ∈
H10(Ω) × L2(Ω), the problem (1.1) has a unique local solution
u ∈ C([0, T ); H10(Ω)), u1 ∈ C([0, T ); L2(Ω))
for the maximum existence time T > 0.
By a formal calculation we deﬁne the energy function as
E(t) = 1
2
∥∥ut(t, ·)∥∥22 + 12
(
1−
t∫
0
g(s)ds
)∥∥∇u(t, ·)∥∥22 + 12 (g ◦ ∇u)(t) − 1p + 1‖u‖p+1p+1, (1.2)
where
(g ◦ v)(t) =
t∫
0
g(t − τ )∥∥v(t, ·) − v(τ , ·)∥∥22 dτ .
As in [14,15], we see that
d
dt
E(t) = −
∫
Ω
∣∣ut(t, x)∣∣2 dx+ 1
2
t∫
0
g′(t − τ )
∫
Ω
∣∣∇u(τ ) − ∇u(t)∣∣2 dxdτ − 1
2
g(t)
∥∥∇u(t, ·)∥∥22  0. (1.3)
Now we are in a position to state our main global existence and energy decay result for Eq. (1.1).
Theorem 1.2. Under Assumption 1.1, m = 1, and f (u) = |u|p−1u with 1< p < n , if the initial data (u0,u1) ∈ H1 × L2(R) satisﬁesn−2 0
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E(0) < E0, (1.5)
where
s0 = (1− κ)
1
p−1 χ−
p+1
p−1 , (1.6)
E0 = p − 1
2(p + 1) (1− κ)
p+1
p−1 χ−2
p+1
p−1 , (1.7)
and here χ is the optimal constant of Sobolev imbedding H10(Ω) ↪→ Lp+1(Ω) given by
χ−1 = inf{‖∇v‖: v ∈ H10(Ω), ‖v‖p+1 = 1}, (1.8)
then the corresponding solution to Eq. (1.1) globally exists.
Furthermore, if κ > 0 is also small suﬃciently such that
1− χ p+1
(
2(p + 1)
p − 1 E(0)
) p−1
2
(1− κ)− p+12 − 5(p + 1)
2(p − 1)(1− κ)κ > 0, (1.9)
then the energy decay is
E(t) E(0)exp
(
1− C−1t) (1.10)
for every t ∈ [0,∞), where C is some positive constant.
Note that, in [15] Messaoudi established a blow-up result with the following conditions:
‖∇u0‖ > s0, (1.11)
E(0) < E0. (1.12)
Thus, combining Theorem 1.2 and Messaoudi’s result [15] we see that a threshold result is established for the global exis-
tence and blow-up of Eq. (1.1).
In addition, by (1.7),
1− χ p+1
(
2(p + 1)
p − 1 E(0)
) p−1
2
(1− κ)− p+12 > 0, (1.13)
which implies that the condition (1.9) is appropriate.
Remark 1.1. This paper devotes to consider the wave equation with Dirichlet boundary. Recently we also note that there
are some results on global existence of solutions of wave equation with nonlinear boundary in [19], and the decay rates for
some wave equations with nonlinear boundary were studied in [4,9,13].
2. Proof of Theorem 1.1
In this paper, we sometimes use the Poincaré inequality∫
Ω
|u|2 dx λ
∫
Ω
|∇u|2 dx, (2.1)
where λ is a constant, which dependents only on Ω .
The following integral inequality plays an important role in our proof of the energy decay of the solutions to Eq. (1.1).
Lemma 2.1. Assume that the function ϕ : R+ ∪ {0} → R+ ∪ {0} is a non-increasing function and that there exists a constant c > 0
such that
+∞∫
t
ϕ(s)ds cϕ(t)
for every t ∈ [0,∞). Then
ϕ(t) ϕ(0)exp(1− t/c)
for every t  c.
For the proof, see [8].
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Lemma 2.2. Under Assumption 1.1, if the initial data (u0,u1) satisﬁes
‖u0‖ < s0, E(0) < E0,
where s0 and E0 are deﬁned as (1.6) and (1.7), respectively, then the corresponding solution of the problem (1.1) satisﬁes∥∥u(t)∥∥< s0, E(t) < E0.
Proof. By (1.2),
E(t) = 1
2
∥∥ut(t, ·)∥∥22 + 12
(
1−
t∫
0
g(s)ds
)∥∥∇u(t, ·)∥∥22 + 12 (g ◦ ∇u)(t) − 1p + 1‖u‖p+1p+1
 1− κ
2
∥∥∇u(t, ·)∥∥22 − 1p + 1‖u‖p+1p+1. (2.2)
By Poincaré inequality,
E(t)Φ
(∥∥∇u(t)∥∥) (2.3)
where Φ(s) is deﬁned as
Φ(s) = 1− κ
2
s2 − χ
p+1
p + 1 s
p+1 (2.4)
and χ is the optimal constant of Sobolev imbedding H10(Ω) ↪→ Lp+1(Ω) given by
χ−1 = inf{‖∇v‖: v ∈ H10(Ω), ‖v‖p+1 = 1}. (2.5)
Then Φ(s) (s ∈R+ ∪ {0}) has the following property:⎧⎨
⎩
Φ(s) is strictly increasing on [0, s0),
Φ(s) takes its maximum value E0at s0,
Φ(s) is strictly decreasing on (s0,∞),
where s0 and E0 are deﬁned as (1.6) and (1.7), respectively.
By (1.3) we see that
E(t) E(0) < E0
for every t ∈ [0, Tmax).
We next prove∥∥∇u(t)∥∥< s0
for every t ∈ [0, Tmax).
Suppose not, using the continuity of u(t, x) as a function of t , we then see that there exists a time t0 ∈ (0, Tmax) such
that ‖∇u(t0)‖ = s0, which implies that E(t0)Φ(s0) = E0, which contradicts E(t) < E0 for every t ∈ [0, Tmax).
Thus we have proved that ‖∇u(t)‖ < s0 for every t ∈ [0, Tmax). 
Proof of Theorem 1.2. Since ‖∇u(t)‖2 < s20 for every t ∈ [0, Tmax), by Poincaré inequality we have∥∥u(t)∥∥2 < λ∥∥∇u(t)∥∥2 < λs20 < ∞
for every t ∈ [0, Tmax).
Thus, using a standard continuation argument, we see that Tmax = +∞.
Now we prove the exponential energy decay for Eq. (1.1). We ﬁrstly deﬁne an auxiliary function as
I
(
u(t)
)=
(
1−
t∫
0
g(s)ds
)∥∥∇u(t, ·)∥∥22 + (g ◦ ∇u)(t) − ‖u‖p+1p+1,
from which, it follows that
I
(
u(t)
)
 (1− κ)∥∥∇u(t, ·)∥∥2 + (g ◦ ∇u)(t) − χ p+1‖∇u‖p+1  (1− κ)∥∥∇u(t, ·)∥∥2 − χ p+1‖∇u‖p+1.2 2
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for every t ∈ [0,+∞). Thus I(u(t)) 0 for every t ∈ [0,+∞).
Since I(u(t)) 0 for every t ∈ [0,+∞), we then have
E(0) E(t)
(
1
2
− 1
p + 1
)[(
1−
t∫
0
g(s)ds
)∥∥∇u(t, ·)∥∥22 + (g ◦ ∇u)(t)
]
from which, we deduce that
∥∥∇u(t)∥∥2  2(p + 1)
(p − 1)(1− κ) E(t)
2(p + 1)
(p − 1)(1− κ) E(0). (2.6)
In addition,(
1− 2
p + 1
)∥∥u(t)∥∥p+1p+1 
(
1− 2
p + 1
)
χ p+1
∥∥∇u(t)∥∥p+1
 2χ p+1
(
2(p + 1)
(p − 1)(1− κ) E(0)
) p−1
2 1
1− κ E(t)
 2(1− )E(t) (2.7)
where
 = 1− χ p+1
(
2(p + 1)
p − 1 E(0)
) p−1
2
(1− κ)− p+12 . (2.8)
Note that E(0) < E0, we see that  > 0.
Multiply Eq. (1.1) by u(t) and integrate over Ω × [t1, t2] (0 t1  t2), we have
0 =
∫
Ω
t2∫
t1
u
(
utt − u +
t∫
0
g(t − τ )u(τ )dτ + ut − |u|p−1u
)
dt dx
=
[∫
Ω
u(t)ut(t)dx
]t2
t1
−
t2∫
t1
∥∥ut(t)∥∥2 dt +
t2∫
t1
∥∥∇u(t)∥∥2 dt −
t2∫
t1
∫
Ω
∣∣u(t)∣∣p+1 dx+
t2∫
t1
∫
Ω
u(t)ut(t)dxdt
+
t2∫
t1
∫
Ω
t∫
0
g(t − τ )u(τ )u(t)dτ dxdt
=
[∫
Ω
u(t)ut(t)dx
]t2
t1
− 2
t2∫
t1
∥∥ut(t)∥∥2 dt + 2
t2∫
t1
E(t)dt +
(
2
p + 1 − 1
) t2∫
t1
∥∥u(t)∥∥p+1p+1 dt −
t2∫
t1
g ◦ ∇u(t)dt
+
t2∫
t1
t∫
0
g(τ )dτ
∥∥∇u(t)∥∥2 dt +
t2∫
t1
∫
Ω
u(t)ut(t)dxdt +
t2∫
t1
∫
Ω
t∫
0
g(t − τ )u(τ )u(t)dτ dxdt. (2.9)
For the last term in (2.9), one has
−2
∫
Ω
t∫
0
g(t − τ )u(τ )u(t)dτdx = 2
∫
Ω
t∫
0
g(t − τ )∇u(τ )∇u(t)dτdx
=
t∫
0
g(t − τ )(∥∥∇u(t)∥∥2 + ∥∥∇u(τ )∥∥2)dτ −
t∫
0
(
g(t − τ )∥∥∇u(τ ) − ∇u(t)∥∥2)dτ . (2.10)
Thus, combining the equalities (2.9) and (2.10) we see that
2
t2∫
E(t)dt +
(
2
p + 1 − 1
) t2∫ ∥∥u(t)∥∥p+1p+1 dtt1 t1
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[∫
Ω
u(t)ut(t)dx
]t2
t1
+ 2
t2∫
t1
∥∥ut(t)∥∥2 dt + 1
2
t2∫
t1
g ◦ ∇u(t)dt − 1
2
t2∫
t1
t∫
0
g(τ )dτ
∥∥∇u(t)∥∥2 dt
+ 1
2
t2∫
t1
t∫
0
g(τ )
∥∥∇u(τ )∥∥2 dτ dt +
t2∫
t1
∫
Ω
u(t)ut(t)dt

[∫
Ω
∣∣u(t)ut(t)∣∣dx
]t2
t1
+ 2
t2∫
t1
∥∥ut(t)∥∥2 dt + 1
2
t2∫
t1
g ◦ ∇u(t)dt +
t2∫
t1
∫
Ω
u(t)ut(t)dxdt
+ 1
2
t2∫
t1
t∫
0
g(τ )
∥∥∇u(τ )∥∥2 dτ dt, (2.11)
where the last inequality comes from Assumption 1.1 and the fact that E(t) is non-increasing on [0,+∞).
For the left-hand side of the (2.11), by (2.7) we have
2
t2∫
t1
E(t)dt +
(
2
p + 1 − 1
) t2∫
t1
∥∥u(t)∥∥p+1p+1 dt  2
t2∫
t1
E(t)dt. (2.12)
We next estimate every term of the right-hand side of (2.11). Firstly, by Hölder inequality and Poincaré inequality∫
Ω
∣∣u(t)ut(t)∣∣dx
∫
Ω
∣∣u(t)∣∣2 dx+ ∫
Ω
|ut |2 dx λ
∥∥∇u(t)∥∥2 + ∥∥ut(t)∥∥2.
Using (2.6) we see that∫
Ω
∣∣u(t)ut(t)∣∣dx c1E(t)
where the constant c1 is independent on u, from which it follows that[∫
Ω
∣∣u(t)ut(t)∣∣dx
]t2
t1
 2c1E(t1). (2.13)
From (1.3) we deduce that
2
t2∫
t1
∥∥ut(t)∥∥2 dt  2E(t1). (2.14)
In addition, using Young’s inequality for convolution ‖φ ∗ψ‖q  ‖φ‖r‖ψ‖s with 1q = 1r + 1s −1 and 1 q, r, s∞, noting
that if q = 1, then r = 1 and s = 1, we have
t2∫
t1
t∫
0
g(t − τ )∥∥∇u(τ )∥∥2 dτ dt 
t2∫
t1
g(t)dt
t2∫
t1
∥∥∇u(t)∥∥2 dt  κ
t2∫
t1
∥∥∇u(t)∥∥2 dt.
Further, by (2.6), we then have
t2∫
t1
t∫
0
g(t − τ )∥∥∇u(τ )∥∥2 dτ dt  2(p + 1)
(p − 1)(1− κ)κ
t2∫
t1
E(t)dt, (2.15)
and
t2∫
t
t∫
0
g(t − τ )∥∥∇u(t)∥∥2 dτ dt  2(p + 1)
(p − 1)(1− κ)κ
t2∫
t
E(t)dt. (2.16)1 1
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1
2
t2∫
t1
g ◦ ∇u(t)dt =
t2∫
t1
t∫
0
g(t − τ )(∥∥∇u(t)∥∥2 + ∥∥∇u(τ )∥∥2)dτ dt  4(p + 1)
(p − 1)(1− κ)κ
t2∫
t1
E(t)dt. (2.17)
We also have the following estimate
2
t2∫
t1
∫
Ω
u(t)ut(t)dxdt =
t2∫
t1
∫
Ω
d
dt
∥∥u(t)∥∥2 dxdt = ∥∥u(t2)∥∥2 − ∥∥u(t1)∥∥2  2 2(p + 1)
(p − 1)(1− κ)λE(t1) (2.18)
where the last inequality follows from the fact that E(t) is non-increasing on [0,∞).
Combining (2.11)–(2.18), we obtain
2
t2∫
t1
E(t)dt  2C E(t1) + 5(p + 1)
(p − 1)(1− κ)κ
t2∫
t1
E(t)dt (2.19)
where C > 0 is independent on u(t, x), that is,
2
(
1− χ p+1
(
2(p + 1)
p − 1 E(0)
) p−1
2
(1− κ)− p+12 − 5(p + 1)
2(p − 1)(1− κ)κ
) t2∫
t1
E(t)dt  2C E(t1). (2.20)
Denote
a =
(
1−χ p+1
(
2(p + 1)
p − 1 E(0)
) p−1
2
(1− κ)− p+12 − 5(p + 1)
2(p − 1)(1− κ)κ
)
. (2.21)
We rewrite (2.20) as
a
∞∫
t
E(τ )dτ < C E(t) (2.22)
for every t ∈ [0,∞).
Since a > 0 when κ > 0 small suﬃciently, by Lemma 2.1, we obtain the following energy decay for Eq. (1.1) as
E(t) < E(0)exp
(
1− aC−1t) (2.23)
for every t  Ca−1.
The proof is completed. 
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